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The contact melting progress of phase-change material inside the symmetric enclosure with a continuous
boundary is generally studied, and a unified treatment for the heat transfer is proposed. The mathematical
expressions of the dimensionless film thickness, melting rate, dimensionless time to complete melting, and Nusselt
number for the contact melting processes are derived generally, which can be used for the analysis of the contact
melting inside different geometric enclosures. By applying the expressions to the analysis of contact melting inside the
cylindrical and elliptical tubes, as well as the spherical capsule, the concrete methods and steps are given. It is found
that some major results in the published literature are easily deduced and unified in this paper.
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Archimedes number

specific heat

perimeter

Fourier number

gravitation acceleration

height of the molten liquid
distance tangential

melting latent heat

modified melting latent heat
Nusselt number

pressure

Prandtl number

= average heat flux

radius of cylinder or sphere
modified radius

Stefan number

distance normal

temperature

initial solid temperature
melting point

wall temperature of the capsule
= time

= melting velocity of solid phase-change material at
time ¢

tangential velocity

volume

volume of the solid at time ¢
dimensionless melting rate
abscissa, ordinate

coordinates of solid right position at time ¢
initial coordinates of solid top position
thermal diffusivity

film thickness

thermal conductivity

dynamic viscosity

kinematic viscosity

density

= dimensionless time
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T = dimensionless time to complete melting
¢ = normal angular position

Superscript

* = dimensionless quantity

Subscripts

l = liquid state

s = solid state

1. Introduction

HASE-CHANGE thermal storage devices have gained

importance for many applications in which a large amount of
energy must be transferred and stored, such as solar energy and heat
pump air conditioning systems, because of their high energy density
and isothermal behavior during charging and discharging. One very
important solid-liquid phase-change process is contact melting
inside an enclosure. Since Nicholas and Bayazitoglu [1] first studied
contact melting as a distinct and important mechanism during melt-
ing inside a horizontal cylindrical tube, more works focused on dif-
ferent geometric heat sources and boundary conditions have been
found in the literature [2-26]. For example, Bareiss and Beer [2], and
Fomin and Saitoh [15] reported analytical, experimental, and numer-
ical results for the contact melting inside a horizontal cylindrical
tube, respectively. Moore and Bayazitoglu [4], Bahrami and Wang
[5], and Roy and Sengupta [6] analyzed the contact melting inside a
sphere. Dong et al. [7], Hirata et al. [§], and Chen et al. [9] investi-
gated contact melting inside horizontal rectangular capsules. Chen
etal. [10] also studied contact melting inside an elliptical tube, etc. In
addition, some investigators [3,13] made unified analyses about
spheres, horizontal cylindrical tubes, rectangle capsules, and vertical
cylindrical tubes. But there are some problems in the reports, namely,
either the force balance equation is singly listed as a complementary
equation [3] without being analyzed and depicted in unification, or
the unified analysis can only be applied to the heat resources with a
given shape, such as sphere, horizontal cylindrical tube, rectangular
capsule, and vertical cylindrical tube, by employing the different
factor [13]. The results cannot be applied to contact melting under the
condition of heat resources with other shapes. In the present work,
the contact melting of phase-change material (PCM) inside a sym-
metric enclosure with a continuous boundary is generally analyzed.
The theoretical formulas of the melting parameters are obtained. The
results obtained in the published literature for the contact melting
inside the cylindrical tube, sphere, rectangular capsule, and elliptical
tube can be deduced from the formulas.
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II. Analysis
A. Contact Melting Inside a Horizontal Symmetric Capsule

Consider the contact melting of PCM inside a horizontal
symmetric heating capsule formed by a continuous curve, within
which the curvature radius is as shown in Fig. 1. The curve function is
vy = f(x). The Cartesian coordinate origin is set up at the point of
intersection of symmetric axis y and bottom tangent axis x, and the
tangent and normal coordinates (%, s) are based on the curve. The
PCM is initially in solid phase and entirely at the initial temperature
T,, and, during the melting process, the capsule wall temperature
keeps at a constant and uniform 7', larger than melting point 7, of
PCM. As noted earlier, Bareiss and Beer [2], and Bahrami and Wang
[5] considered contact melting inside the horizontal cylindrical tube
and sphere. They concluded that melting at the upper solid surface
was approximately 10-15% of the total melt, and so we assume that
the convection and melting at the upper solid surface can be
neglected. As summarized by Roy and Sengupta [6], and Bejan [25],
the main features or assumptions of the analytical model are as
follows:

1) The melting process is quasi steady, i.e., at any time, the weight
of the solid PCM is balanced by the excess pressure built in the
melted liquid layer.

2) The solid PCM descends vertically and axisymmetrically dur-
ing the melting processes, as seen in the previous experiments of
Bareiss and Beer [2], and Moore and Bayazitoglu [4], i.e., there is no
slip at the capsule wall and melting front, and the shape of the upper
surface of the solid PCM stays unchanged.

3) The melted liquid film at the contact surface is very thin and
much smaller than the size of the capsule, so that heat transfer
through the melted liquid film is by conduction in s direction.

4) The pressure at the two openings of the close contact gap is
equal to the hydrostatic pressure in the upper pool of liquid.

5) The shear stress experienced by the solid PCM as it drops and
sweeps the lateral wall is negligible, and no mushy region is formed.

6) The temperature in the thin liquid layer can be a linear
distribution or a quadratic polynomial distribution in s direction;
when the temperature difference between the solid PCM and wall or
Ste is very small, there is no obvious difference between the two
distributions.

Then, the governing equations and boundary conditions can be
simplified as follows, respectively,

u dP
T 1
122] asz dh ( )
0°T
- =0 2
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Fig. 1 Physical model and coordinates.
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where U is the melting velocity of solid PCM at any time, which is
equal to the derivative of the height of molten liquid to time. From
Eqgs. (1-5), the film thickness and the pressure in it can be obtained as
follows:
AT, —T,) dt
~ L,p,cos¢ dH

3 4
R
plalC (T m) dt

The force balance acting on the solid PCM is

(6)

fX cos’¢x dx @)

X0

X0
0

where V. is the volume of the solid PCM at any time ¢, which can be
calculated by

Yo yi—H
Vx=2/ xdy—l-Z/ xdy )
0 Yo

where x satisfies the function y = f(x) — H, and y, is the height of
the solid at r = 0. Substituting Eqgs. (7) and (9) into Eq. (8) results in

dH _ [ plei CL(Ty — T,) 8 (o — p)(fi "’xdy+[3;"”idy)}1/4
dr 12p,L5,08 fo° [34z/1 + [ ()P} dzdx

10)

where z is a variable. The dimensionless parameters are defined as
follows:

H c(r,—T, 4ot
Y1 Lm yl
3 _
81 Pi - X
Ar=(1-p>, p=—, ¥F=—
81)% Ps Y1
* y * 5 * X * <
Y=, & =—, xX'=—, ==
Y1 Y1 Y1 Y1
X
Xt =22, y(’;:&, = SteFo
Y1 Y1

Then, Eq. (10) can be rewritten as follows:
*3 Yo Lk gk 1—H* =% .%
* PBArPr(fo0 x* dy* + [LH 7 dy*) 4
il =0.226{ J b } (11
dr Ste [30 [34z /1 + [f ()P} de* dat

Integrating Eq. (11) with initial condition H*|,_, = 0 yields

Ste 1/4 [H* . /4
1=443 (PrArp*3) / {/ /* 1+ [f/ *) dZ dx }
Ve 1—H —1/4
x(/ x*dy* +/ xdy) dH* (12)
0 y

0

From Eq. (6), the dimensionless film thickness can be obtained as
follows:
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L P dr
" 4cos¢pdH*

13)
The melting rate is

Y ‘v* _H* =
VE=1— Oyoxdy-kf;”‘*”xdyzl_fo“x*dy*_pfylg H 2 dy*

o' xdy Jo x* dy*

(14)

With the heat flux averaged with respect to the area of the heating
capsule wall, an average Nusselt number can be defined as follows:

_ [EI/(Tw — Tm)]RD _ LmlosRD ( st) (15)

Nu= py TEMT, —T,)\  dr

where E and R, are the perimeter and modified radius of the capsule,
respectively, that is

E= 2/ " WP dy £ 25,
0

(o] o)

Substituting E and R, into Eq. (15) yields

_2Lmlos fgl Xdy

ATy, = T,) (o {1+ 1/ (P2 dy + x)°
d(fg° xdy + [~ xdy)

X

dr

Nu =

(16)

B. Contact Melting Inside an Axisymmetric Capsule

For the contact melting inside a symmetric heating capsule formed
by the rotation of the continuous curve around axis y, an analysis that
is analogous to the aforementioned method can be constructed.
Equations (1-3) and (5) are valid here, but the mass balance in the
liquid layer is

] h
/ puxds = / psUxcos¢pdh a7
0 0

Combining Egs. (1-3), (5), and (17) results in

473 4
/’LlpsLm dH /X 2
P=—6—7FF——— dx 18

Pt (T, —T,,)° (dr | cose (1)

The force balance acting on the solid PCM is
2n/°dex:g(p:—pl)vs (19)
0

where V| is the volume of the solid PCM at time ¢, which can be

calculated by
Yo yi—H _
vV, = n(/ x> dy + / X2 dy) (20)
0 Yo

Substituting Egs. (18) and (20) into Eq. (19) and integrating it with
initial condition H*|,_, = 0 yields

St 1/4 rH* 't fxk * 1/4
r=4.43(7e*3) / {/O/O%dz*x*dx*}
PrArp*™ 0 o Jo 1+[f(z%)]
e 1-H* —1/4
X (/ x*zdy*—{—/ )E*zdy*) dH* 21
0 v

0

From Eq. (6), the dimensionless layer thickness can be obtained as
follows:

go— L1 (Step\1/4 / / AT L
= — X7 ax
cos¢ \ PrAr o Jo 1L+ @)P ‘

v 1-H* —1/4
X (/ x*2dy* + / X2 dy*) (22)
0 e

0

The melting rate is

jgg x*2 dy* + ‘/;%71-1* 2 dy*
- j;)l x*2 dy*

The dimensionless time required to complete melting of solid PCM
can be derived by substituting H* = 1 into Eq. (21). Equations (12),
(13), (16), and (21-23) are the unified theoretical formulas of the
melting parameters, from which the new results for the contact
melting inside a concrete symmetric enclosure, or the results
obtained in the published literature for the contact melting inside the
cylindrical tube, sphere, rectangular capsule, and elliptical tube can
be deduced.

V=1

(23)

III. Application and Discussion

Application 1: It is assumed that the symmetric capsule is a
horizontal cylindrical tube with radius R, whose configuration in
ordinates (x, y) satisfies the following equation:

XX+ @G-—R?=R? (24)
The boundary conditions are

yi=2R, x,=0, y,=R—H/2

(25)
xo=+vR*—(H/2)?, and x>+ (y—R+ H)?=R?
Then, we have
v 1-H* _ b
/ x*dy*—i—/ x*dy*zO.S/ V1= 2y —1)2dy*
0 v 0
1-H*
+0.5 V1= (Qy*— 14 2H)dy*
Y
= (arccos H* — H*'1 — H*?) /4 (26)
X[ z* X X5
dZ* dx* :/ / Z* 1 _4Z*2 dZ* dx*
[ v y Jo D
V1-H2 (2 1
— *3 3_4*5 5:7 = _H*Z_H*4 27
x5/ x5/ 20 (3 +3 ) 27
1
/ ¥ dy* = 78 28)
0
/yl xdy = nR?/2 (29)
0

A6 xdy + [ 5dY) _ ppo syt )
T dr

/"‘{1+1/[f’(x)]2}1/2d +x —/ZR S S R
g TR VR=o-mY T

(€20
Substituting Eqs. (26) and (27) into Eq. (11) yields
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dH* — 0226 PrArp*3\ /4T arccos H* — H* /1 — H*2|V/4
dv Ste 4xg? — 16x°/5

(32)

Substituting xj = 0.5+ 1 — H*? into Eq. (32) and expanding it in
series with a vanishing error by a second-order polynomial, results in

yvi=2b, x;,=0, yo=b—H/2

22 — b+ H)? (40)
xo=ay/T1—(H/2b), and x—2+(yb%):1

a

The dimensionless parameters are expressed as follows:

dH* PrArp*3 1/4
=0402{ ———— 0.81 + 0.26H* + 0.2H**]"! (33 H t b?
ar ( Ste ) [0-81 + + ey H =2,  Fo=S5Y., Ar=(-p)5-
2b b %
Integrating Eq. (33) yields X LY ., O L X
X =—_—, y ==, 8 =—, X =—
Ste \025 2b 2b 2b 2b
T:Z( ) PO (H* 4+ 0.161H*2 4+ 0.057H**)  (34) « _ % « _ Yo « _ Yo _
Prar ST MT NTye  J=bla
Substituting H* =1 into Eq. (34), the dimensionless time to
complete melting is obtained as follows: Then, we can derive
dH* _ (Arp®Pr\l/4
de -\ 1925te
1/4
o J2(1 — J?)(arccos H* — H*~/1 — H*?) 41)
[2/(1 =DV = H = {1 + /(1 =)A= H?)] = [l — /(1 =)A= H}/V1T=T7) = [(1 — H*?)'5/3]
for J <1

J2(J? — 1)(arccos H* — H*~/1 — H*?)

1/4

for J > 1 42)

dH* B Arp*3Pr 1/4
“dr \ 192Ste [

_ Ste \*® o1
T = 2'44(PrAr) P (35)

Substituting Egs. (29-31) and (33) into Eq. (16) yields

_ Prar)02 JI—H
Nu=o02(120 (36)
Step”)  0.63 + 0.2H" + 0.16H"

Equations (33-36) are the main results obtained by Bareiss and Beer
[2] on the condition that the convective heat transfer at the upper
interface of solid PCM is neglected. In addition, the dimensionless
film thickness and melting rate are derived by substituting Eq. (32)
into Eq. (13) and substituting Eqs. (26) and (28) into Eq. (14),
respectively, as follows:

* ,0* Ste 1/4 * *2

V*zl_2(arcc0sH*—H*v1—H*2) (38)
b

Application 2: When the symmetric capsule is a horizontal
elliptical tube with radius b and a, which configuration in
coordinates (x, y) satisfies the following equations:

2 (y—b)?
+E =

2\ 12
1 or f(x)= —b(l — ;) 39)

QN| =

The boundary conditions are

/(7 = DV = B — farctan /(77— ))(1 — H2) /T2 — 1]} — [(1 — H*2)'5]/3

Expanding and integrating Eqs. (41) and (42) in series with a
vanishing error by a second-order polynomial, results in

=295 5e) o 1)+ S

PrArJ?
1
" f/l’(O)H*zi|H* for J < 1 (43)
_ Ste 0B 015 1, *
1
+¢ fg(O)H*Z]H* for J > 1 (44)
where

0.25
£1(0) = (—6) F1(0) = F1(0)/

(45)
/ 5[(5/3—7%)—(1-J*)(x/2)*
110 = 2GRy
- 1/4
0) = 2% | _actan V21| 2
f2( ) {(]271)71' |: /721 3 (46)

f20) = f2(0)/7
5(0) = 5£,(0)/n*

Substituting H* = 1 into Egs. (43) and (44), the dimensionless time
to complete melting is obtained as follows:
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=2.49 Ste "% o f (0)+1f’ 0)
== PrArJ? L ! 271

+ é f/{(O)} for J < 1 A7)

Ste

=372 2
Kl [JZ(JZ —1)Prar

0.25
] p*—0,75 |:f2 (0)
+ %f&(o) + éfQ(O)} for J > 1 (48)

The average Nusselt number, dimensionless film thickness and
melting rate can also be derived by the same method, respectively, as
follows:

Nu =

3211 - H? Step* \ /4 .
al.5(1 + J) — J/IP (PrArJZ) /[fl( )
+ fI(O)H* +0.5f/(0)H*?] for J <1 (49)

2072 _ 1\11/4 #\ —1/4
_ 21522 - 1) (Step) /[fz(o)

Z

a[1.5(1 +J) — I \PrAr (50)
+ f5(0)H* +0.5f5(0)H*?] for J > 1
. 1245 ( Step* 0 B
= oo (m) [f10) + f1(O)H
+0.5f7(0)H*?] for J <1 (51)
. 1.861 Step* 025 B
" cos¢ (12(J2 - l)PrAr) O+ 108
+ 0.5f4(0)H*?] for J > 1 (52)
V*:1_2(arccosH*—H*v1—H*2) 53)

b4

Whereas a = b = R, namely J = 1, the elliptical tube changes into a
cylindrical tube. Then, from Egs. (43-53), we can also obtain
Egs. (34-38).

Figures 2 and 3 illustrate the variation of the melting rate V* and
dimensionless film thickness & at ¢ = 0 with the dimensionless time

1.0 _ 3
e Z
/7 72
VA
J=2 /
08 _| /7
Yay/4 J=05
/ 74
/4
06 _| 7
* // /
vV 7
7
Y
04 _| //
// ——. AT =10°C
// / AT =20C
02 _|
/
/)
00 T T T 1
0.000 0.006 0.012 0.018 0.024
T

Fig. 2 Variation of melting rate with the dimensionless time.

7, respectively. It is seen that V* and §; are the monotonically
increasing function of 7, both of them decreasing with the increase of
AT. From Fig. 3, it can also be found that &} is 2 or 3 orders of
magnitude smaller than 1 during the whole melting process, which
just satisfies application 3. The variation of dimensionless height H*
of the molten liquid with the dimensionless time ratio 7/, is plotted
in Fig. 4 according to Eq. (12). The experiment by Bareiss and Beer
[2] and the calculation by Fomin and Saitoh [15] showed the the
relationship between H* and t/7, is independent of temperature
difference, Archimedes number, Prandtl number, and Stefan
number. Equation (12) and Fig. 4 reflect the same results. From
Fig. 5, itis found that the heat transfer characterized by Nu is affected
by the temperature difference AT, and it is at maximum at the
beginning and drops to zero at the end of the melting process.
Application 3: It is assumed that the axisymmetric heating capsule

is a sphere with radius R, which is formed by the rotation of the

continuous curve y = R £ +v/R?> — x? around symmetric axis y.

Analogous to the previous section, we have

0.03 —
——  AT=10C
— AT=20C
0.02 = 0.5
o* - — - B
bO
0.01 —
— J=2
0.00 I T T |
0.000 0.006 0.012 0.018 0.024
T

Fig. 3 Variation of dimensionless film thickness at the bottom with the
dimensionless time.

1.0

J=05

03 M

0.0

0.0 0.5 1.0
T/ 7

Fig. 4 Variation of dimensionless height of the molten liquid with the
dimensionless time ratio.
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50

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 5 Variation of average Nusselt number with the dimensionless
height of the molten liquid.

5 1—H*
/) x*2 dy* +/ 2dy = H3 /12— H* 4+ 1/6  (54)
0 y¥

70

XS XS Z* * 4k * __ k4 ST
A [* TS @T dz*x* dx* = x3* /8 — x3°/3
= (1 —3H"* 4 2H"®)/384 (55)

/ 2dy = 1/6 (56)

0
Substituting Egs. (54) and (55) into Eq. (21) yields

dH* _ PrAr\ /4 . 2 —3H* 4+ H*3 (/4
dr 128te 1 —3H* 4+ 2H*¢

(67

Here, Ar is defined as

2R)?
—p*)g( )=Ar/p*

8p*v?

Ar=(1

The transcendental function within the square bracket of Eq. (57) can
be substituted with a vanishing error by a third-order polynomial.
Then, Eq. (57) can be derived as follows:

dH* PrAr\ /4
- = [0.841 + 0.3H* + 0.42H*2 — 0.147H*3]™!
dr (12Ste) prl0841 + + ]
(58)
Integrating Eq. (58) yields
Ste \ /4
=2 — *~1(1.56H* + 0.279H*?
‘ (PrAr) .
+ 0.261H*3 — 0.0686H**) (59)

Substituting H* =1 into Eq. (59), the dimensionless time to
complete melting is obtained as follows:

S 1/4
7, =2.03 (&) ( ’i) (60)
p1) \PrAr

Equations (58-60) are the main results for the contact melting inside
a sphere obtained by Bahrami and Wang [5], and Fomin and Saitoh

[15] (for a = 0). In addition, substituting Eqs. (54-56) into Eqgs. (22)
and (23), respectively, results in

P ( Ste )1/4[0 39 4 0.14H* + 0.2H" — 0.07TH"]
" coso \Prar ' ' ' '
(61)
Ve = GH* — H?))2 62)

For the contact melting inside the rectangular capsule [8] and vertical
cylindrical tube [11] formed by the simple function y = f(x), the
related results can be easily derived by the same method as
previously mentioned, therefore we do not give the unnecessary
details.

IV. Conclusions

For the contact melting inside the capsules, the solid figuration,
position, melting rate, melting time, and liquid film thickness are the
basic characteristic parameters which described the phenomena and
behavior of melting. In the present paper, a unified treatment of the
contact melting of phase-change material (PCM) inside the
symmetric enclosure is proposed, and the fundamental equations and
mathematical expressions of the characteristic parameters for the
contact melting processes are obtained. Of course, for simplification,
some side features of the process such as convection are neglected.
The application in Sec. III gives examples of solving the problems
and validates the results obtained. It is shown that whether the
treatment of melting is difficult or easy depends on the curve function
y = f(x). For example, the results for contact melting inside the
rectangular capsule and vertical cylindrical tube are easily derived.
But for the contact melting inside the symmetric enclosures with
complex curve function y = f(x), to obtain the characteristic
parameters may need numerical calculation.
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